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SAR Inversion Algorithm with Finite-Difference Smoothing Constraints
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Introduction

The Lost-Hills oil field located in Kern County, California ranks sixth in total
remaining reserves in California. Hundreds of densely packed wells
characterize the field with one well every 5000 to 20000 square meters.
Subsidence due to pumping of oil is up to 20 cm/year and is highly
variable both in space and time. The RADARSAT-1 satellite collected
Fine-Beam 1 SAR data over this area with a 24-day repeat during a 2
year period spanning 2002-2004. A total of 28 scenes were used in this
study. Relatively high Interferometric SAR correlation makes this an
excellent region for development and test of deformation time-series
inversion algorithms.

Problem Definition

Errors in deformation time series derived from a stack of differential
interferograms are due to errors in the digital terrain model,
Interferometric baselines, variability in tropospheric delay, thermal
noise and phase unwrapping errors. Particularly challenging is the
separation of non-linear deformation, from path delay due to
troposphere, and phase unwrapping errors.

In Figure 2 we show the network of 40 interferograms selected from pairs
of Radarsat-1 acquisitions based on the criterion of perpendicular
baselines between 100 and 400 meters and time intervals between 23
and 144 days. Each line represents a single interferogram. The numbers
refer to entries in the table of 28 SLCs used to form the network. Note that
there are no isolated nodes. Figure 3 shows a montage of the set of
phase unwrapped interferograms. Regions of low interferometric
correlation have been masked out after unwrapping using the Minimum
Cost Flow, (Constantini, 1998).

Proposed Solution

Based on an extension of the SVD based Least-Squares inversion as
described by Lee et al. (2010), Schmidt and Birgmann (2003), and the
earlier work of Berardino (2002), our algorithm combines estimation of the
DEM height error with a set of finite difference smoothing constraints. A
set of linear equations are formulated for each spatial point that are
functions of the deformation velocities during the time intervals spanned
by the interferogram and a DEM height correction. The sensitivity of the
phase to the height correction depends on the perpendicular baseline
component of each interferogram.

This design matrix (Figure 4) is augmented with a set of additional
weighted constraints on the acceleration of the surface that penalize rapid
velocity variations. The weighting factor y can be varied from 0 (no
smoothing) to a large values (> 10) that yield time-series solutions that
are essentially linear. The factor can be tuned to take into account a priori
knowledge of the deformation non-linearity and coherence.

Gaps in the interferometric time series manifest as singular values close
to 0. Forcing these to 0.0 leads to a stable inversion for the deformation
rates v; and height correction h. Setting the smoothing constraint cost to
zero results in zero deformation rate during any time periods not covered
by the network. Adding the constraints leads to smooth velocity changes.
The deformation time series is obtained by integrating the velocities in the
solution. Figure 5 shows the deformation history at single location for
different values of y.

Our analysis shows non-linear deformation related to changes in the
extraction as well as height corrections consistent with the 3-arc-sec
SRTM DEM that are relatively insensitive to yas shown in Figure 6,7.

Conclusions

» Demonstrated Least-Squares algorithm solving multi-reference
interferometric stack for smoothed time-series and height

» Constraint parameter y permits adjusting the degree of smoothing for
linear and non-linear deformation

» Height corrections relatively independent of the smoothing parameter
value

» Reasonable solution also for non-fully connected networks

+ Least-Squares error is useful to detect phase-unwrapping errors
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Figure 1. Belridge, California Oil field

Figure 3. Unwrapped interferograms showing
atmosphere and deformation

Figure 5. Average Deformation rate over two
years. Deformation histories for y = 1, 10

Figure 6. Height correction determined by SVD
inversion of the differential interferometric phase.
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Figure 4. Least-Squares formulation for a single point in a
stack of 6 interferograms. The observed phases are the
@;. The deformation velocities for the 5 epochs are v;. The
values of the T; is time intervals in days between epochs.
The additional constraints in the lower 3 rows add cost
when the velocity changes. The additional column of the
design matrix contains the sensitivity of the phase w.r.t
height and is proportional to the perpendicular component
of the baseline. The total time series phase ¥; at each
epoch is obtained by summing the incremental
deformation for each interval T;.
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Figure 7. Height correction determined by SVD
inversion of the differential interferometric phase.
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